Abstract. We prove that the Herzog-Schönheim Conjecture holds for any group G of order smaller than 1440. In other words we show that in any non-trivial coset partition
Introduction
In the 1950's H. Davenport, L. Mirsky, D. Newman and R. Rado proved that if the integers are partitioned by a finite set of arithmetic progressions, then the largest difference must appear more than once. I.e. if g 1 ,...,g n and a 1 ≤ a 2 ≤ ... ≤ a n are integers such that {g i + a i Z} n i=1 is a partition of Z then a n−1 = a n . This affirmed a conjecture of P. Erdős and opened a broad area of research (see [PS02] for a detailed bibliography). Since an arithmetic progression is a coset of the integers, such partitions can be considered as coset partitions of the group Z. It was then natural to ask how groups in general can be partitioned by their cosets and if statements similar to the theorem of Davenport, Mirsky, Newman and Rado still hold.
In 1974, M. Herzog and J. Schönheim posed the following.
Herzog-Schönheim Conjecture (HSC). [HS74] Let {g
be a non-trivial partition of a group G into cosets, where U 1 , U 2 , . . . , U n are subgroups of finite index in G. Then the indices [G : U 1 ], . . . , [G : U n ] cannot be pairwise distinct.
It is known that in order to prove the Herzog-Schönheim Conjecture it is sufficient to prove it for finite groups [KZ77] . The conjecture holds for finite pyramidal groups (i.e. groups having a Sylow tower) [BFF87] , so in particular for supersolvables groups. Some effort was put into proving the conjecture for groups G whose order satisfies some restriction. E.g. it was proven for a group G in [GS11] if |G| has at most two different prime divisors or exactly three prime divisors and 6 does not divide |G|. It was also proven in [Gin18] if |G| is smaller than 240.
The main theorem of this note is the following.
In the proof of Theorem A we will use a group theoretical version of a notion connected to the original problem of Erdős. We say that an n-tuple (a 1 ,...,a n ) of positive integers is Z-harmonic if there are integers m 1 ,...,m n such that the arithmetic progressions m 1 + a 1 Z,...,m n + a n Z have pairwise trivial intersection. This notion was introduced, simply as harmonic integers, in [HM82] and studied e.g. in [Sun92, Che98] . We will use the following generalization of this concept. Definition 1.1. Let G be a group. An n-tuple of positive integers (a 1 ,...,a n ) is called G-harmonic if there exist subgroups U 1 , ..., U n of G and g 1 ,...,g n ∈ G such that the cosets g 1 U 1 , ..., g n U n have pairwise trivial intersection and [G : U i ] = a i for any 1 ≤ i ≤ n.
Harmonic G-tuples are connected to coset partitions of groups by the observation that if
is a partition of G into cosets then the n-tuple of indices ([G : U 1 ],...,[G : U n ]) is G-harmonic. In a similar manner to the correspondence between Erdős' original problem and the Herzog-Schönheim Conjecture one can ask for a correspondence between G-harmonic and Z-harmonic tuples.
Question 1: (Y. Ginosar) Let G be a group and n a positive integer. Is every G-harmonic n-tuple also Z-harmonic?
Notice that if Question 1 admits a positive answer for any group G and any positive integer n then by the theorem of Davenport, Mirsky, Newman and Rado in particular the Herzog-Schönheim Conjecture holds.
Z.-W. Sun asked a related question [Sun06, Conjecture 1.2]. Namely, for a group G, does the existence of a G-harmonic n-tuple (a 1 ,...,a n ) imply that gcd(a i , a j ) ≥ n for some distinct 1 ≤ i, j ≤ n? This has been confirmed by W.-J. Zhu for n ≤ 4 [Zhu08] for any group G. It has also been proved for
We obtain the following surprising theorem, which is in fact a generalization of Zhu's result. This result is a key ingredient in the proof of Theorem A.
Theorem B. Let G be a group and let (a 1 ,...,a n ) be a G-harmonic tuple, where n ≤ 4. Then (a 1 ,...,a n ) is also Z-harmonic. I.e. for n ≤ 4, Question 1 admits a positive answer for any group G.
To prove Theorem B we classify all possible G-harmonic n-tuples for n ≤ 4. We are not aware of a counterexample to Question 1 for any group G.
In Section 2 we recall some preliminaries, explain our strategy and obtain arithmetical restrictions on the indices of subgroups involved in a possible minimal counterexample to the Herzog-Schönheim Conjecture. In Section 3 we obtain general results about coset partitions and G-harmonic tuples which are then applied, together with the arithmetical restrictions obtained before, to prove Theorems A and B in Section 4. It turns out that the proof of Theorem B boils down to excluding three types of G-harmonic tuples. This is achieved in Propositions 4.2, 4.3 and 4.5 in which we consider one type of 3-tuples and two types of 4-tuples. To prove Theorem A one needs to handle also a 5-tuple, and this is done in Proposition 4.7.
Preliminaries, Egyptian Fractions and Strategy
For a group G, we will frequently use the notion of harmonic tuple of subgroups hereby explained.
Definition 2.1. Let G be a group and U 1 , ..., U n subgroups of G of finite index. We call the tuple (U 1 ,...,U n ) harmonic, if there exist elements g 1 ,...,g n in G such that the cosets g 1 U 1 , ..., g n U n have pairwise trivial intersection.
Notice that for a group G and U 1 , ..., U n subgroups of G of finite index, ([G :
2.1. Known Results. Let G be a group and U 1 ,...,U n subgroups of finite index of G. We say that a partition
In this section we recall some conditions concerning coset partitions without multiplicity obtained in [GS11] and [Gin18] . An important one is the so called group theoretical Chinese reminder theorem.
Lemma 2.2. (see e.g. [GS11, Corollary 2.1]) Let U and V be two subgroups of a group G. If U V = G then (U, V ) is not harmonic. In particular if r and s are coprime integers then (r, s) is not G-harmonic for any group G.
The first two statements of the next lemma are clear, the third follows from Lemma 2.2 and the last one from [GS11, Lemma 2.3].
be a coset partition of a group G without multiplicity. Set [G :
From Lemma 2.3 it follows that a minimal counterexample to (HSC) gives rise to an Egyptian fraction
where a 1 ,...,a n are pairwise distinct integers bigger than 2 such that gcd(a i , a j ) > 1 for any distinct pair 1 ≤ i, j ≤ n.
It was shown in [Gin18] 
is a coset partition of G without multiplicity then the greatest common divisor of ([G :
is divisible by 2 or 3. This will reduce the number of Egyptian fractions (1) we will have to consider. Note that gcd([G :
U n ]) = 1 is not excluded by Lemma 2.2, which makes only a statement about a pair of subgroups.
The following lemmas will help us to reduce the number of Egyptian fractions (1) we need to consider.
Lemma 2.4. Let G be a group whose order is divisible by exactly three pairwise different primes. If there exists a coset partition {g i U i } n i=1 of G without multiplicity then there exists some 1 ≤ j ≤ n such that a j = [G : U j ] is a power of a prime.
Proof. Arguing by contradiction assume that a j is not a prime power for any 1 ≤ j ≤ n. By [GS11, Theorem C] we may assume that the prime divisors of |G| are 2, 3 and p for some prime p ≥ 5.
Since a j is not a power of a prime for any 1 ≤ j ≤ n it is divisible by either 6, 2p or 3p. Now,
1 ai is smaller then the sum of all the above which is at most 1. This contradicts Lemma 2.3.
In general arithmetical arguments are not enough any more to show a statement similar to Lemma 2.4. But for groups of small order this can still be done explicitly.
Lemma 2.5. Let G be a group of order smaller than 1440 such that there exists a coset partition
Proof. By Lemma 2.4 we can assume that the order of G is divisible by at least four primes. Furthermore, if the order of G is squarefree then G is pyramidal, by a famous corollary from Burnside's p-complement theorem [Hup67, IV, Satz 2.7].
For an integer z denote by d(z) the sum of the inverses of all divisors of z which are divisible by at least two primes. So e.g. d(24) = We proceed by showing that the prime involved in the previous lemma is in fact at most 3. Lemma 2.6. Let G be a group such that there exists a coset partition
Then by Lemma 2.3 and Lemma 2.5 there exist certain integers b 1 ,...,b n and a prime p such that a i = pb i for any 1 ≤ i ≤ n. By Lemma 2.3
1 bi = p. Now, since |G| < 1440, the order of G admits at most 4 prime factors p 1 , p 2 , p 3 , p 4 and therefore
Here in the last step we put {p 1 , p 2 , p 3 , p 4 } = {2, 3, 5, 7}.
2.3. Strategy. In view of Lemma 2.3 and Lemma 2.6 using elementary programming one can easily obtain all possible Egyptian fractions (1) which could correspond to a counterexample to the (HSC) of order smaller than 1440. Certain specific subsets of indices appear in all of these Egyptian fractions. The proof of Theorem B consists in showing that a specific form of 3-tuples (Proposition 4.2) and two specific forms of 4-tuples (Propositions 4.3, 4.5) do not appear as indices in a counterexample. This will suffice to prove that there is no counterexample of order smaller than 1440, except possibly of order 1080. Finally in order to exclude counterexamples of order 1080 we have to show that also a certain 5-tuple does not appear as a subset of indices in a counterexample (Proposition 4.7), i.e. that such tuples are not G-harmonic for any group G.
We start in the next section by collecting results which do not depend on the specific forms of subsets of indices we have to consider to obtain our main results, but which are very useful to prove them.
Observations on indices of harmonic tuples of subgroups
We will first collect some results not involving harmonic tuples of subgroups. G will always denote a finite group. Whenever we will speak of a group we will mean a finite group.
We start with a purely set theoretical observation.
Lemma 3.1. Let R, S and T be proper subsets of a finite set M such that
Proof. This follows immediately from
We next collect some basic elementary facts which we will use without further mention.
Lemma 3.2. Let U and V be subgroups of G.
(
(2) We have an equality
This lemma gives rise to the following useful notion.
Notation 3.3. Let U and V be subgroups of a group G of finite index. We will denote by α(U, V ) the integer satisfying [G :
We will need the following observations about double cosets.
Lemma 3.4. Let U, V, W be subgroups of G and x ∈ G.
(1) The double coset U xV has cardinality divisible by
Proof. The first statement follows from |U xV | = |U (xV
The following lemma describes a situation we frequently encounter.
Lemma 3.5. Let U 1 , ..., U n , V be subgroups of G such that
Proof. Assume to the contrary that g 1 U 1 , ..., g n U n , g v V have pairwise trivial intersection.
Claim:
In most situations the following special form of the lemma will suffice.
Corollary 3.6. Let U, V and W be subgroups of G such that
We next collect some results which follow from different assumptions on the indices of intersections of subgroups.
Lemma 3.7. Let U , V and W be subgroups of G such that
where r u , r v , r w are pairwise coprime. If
Proof. Note that [G : U ∩ V ∩ W ] is divisible by ar u , ar v and ar w . Moreover, since r u , r v and r w are pairwise coprime, [G :
This calculation can be carried out also permuting U , V and W and then
Proposition 3.8. Let U 1 ,...,U n and V be subgroups of G. Let [G : U i ] = a i r i for 1 ≤ i ≤ n and [G : V ] = ar such that r 1 ,...,r n , r are pairwise coprime. Assume that n z=1 1 az ≥ 1 and for any
Proof. Let 1 ≤ i, j ≤ n. Our assumptions imply that the lcm(a i r i , ar) = ar i r and hence also [G :
is not harmonic by Lemma 3.5.
Corollary 3.9. Let U 1 ,...,U n and V be subgroups of G such that [G :
where r 1 ,..., r n , r are pairwise coprime. Assume further that α(
We next study the relations between triples of subgroups and the indices of their intersections. Corollary 3.11. Let U , V and W be subgroups of G such that
Proof. Assume to the contrary that (U, V, W ) is harmonic. Then by Lemma 3.10a) we know that gcd(r v , α(U, W )) = 1. Hence Lemma 3.10b) implies |U V | + |V W | < |G|, contradicting our assumption.
Specific Indices
In
and |U 1 U 2 | < |G| we obtain α(U 1 , U 2 ) = 1 and the result follows.
The following is now an immediate application of the preceding lemma and Corollary 3.9. It was also proved by Zhu [Zhu08, Theorem 2.2].
Proposition 4.2. Let r 1 , r 2 , r 3 be pairwise coprime integers. Then for any group G, the 3-tuple (2r 1 , 2r 2 , 2r 3 ) is not G-harmonic.
Proof. Assume to the contrary that there exist U 1 , U 2 , U 3 subgroups of G such that (U 1 , U 2 , U 3 ) is harmonic where [G : U i ] = 2r i for 1 ≤ i ≤ 3. Then by Lemma 4.1 we have α(U i , U j ) = 1 for any 1 ≤ i, j ≤ 3. But then Corollary 3.9 implies that (U 1 , U 2 , U 3 ) is not harmonic.
The following has also been proven by Zhu 3r 2 , 3r 3 , 3r 4 ) is not G-harmonic.
Proof. Assume to the contrary that there exist U 1 , U 2 , U 3 , U 4 subgroups of G such that (U 1 , U 2 , U 3 , U 4 ) is harmonic where [G :
|G|α(i, j) 3 and so α(i, j) ≤ 2. Let {i, j, k, ℓ} = {1, 2, 3, 4}. We first observe Claim 1: Not exactly two of α(i, j), α(i, k), α(j, k) equal 2. Assume w.l.o.g. α(i, j) = 1 and α(i, k) = α(j, k) = 2. Then
and therefore Corollary 3.11 implies that (U i , U j , U k ) is not harmonic. Claim 2: Not exactly one of α(i, j), α(i, k), α(j, k) equals 2. Assume w.l.o.g. that α(i, j) = 2 while α(i, k) = α(j, k) = 1. Then Lemma 3.10a) implies 2 = α(i, j) ≤ α(i, k) gcd(r k , 2) = gcd(r k , 2).
Hence r k is even. We already know that α(i, ℓ) = α(j, ℓ) by Claim 1. If α(i, ℓ) = 1, then as before r ℓ must be even, contradicting that r k and r ℓ are coprime. So α(i, ℓ) = α(j, ℓ) = 2. Then by Claim 1 we have α(k, ℓ) = 1, since otherwise exactly two of α(j, k), α(j, ℓ), α(k, ℓ) would equal 2. Thus α(i, k) = α(j, k) = α(ℓ, k) = 1 and (U 1 , ..., U 4 ) is not harmonic by Proposition 3.8 (setting U k = V ). This proves the claim.
If α(1, 2) = α(1, 3) = α(1, 4) = 1 we can apply Proposition 3.8, so one of them must equal 2 and by the above α(x, y) = 2 for all 1 ≤ x, y, ≤ 4.
In this case we will consider the intersections of U 1 U 2 , U 1 U 3 , U 1 U 4 . By Lemma 3.10c) we know that [G :
3 we obtain G = U i U j ∪ U i U k for order reasons, i.e. because U i U j and U i U k are big while their intersection is small. So considering U 1 U 2 , U 1 U 3 and U 1 U 4 as subsets of G and using Lemma 3.1 we obtain
A contradiction, since clearly this intersection contains U 1 .
We continue with the last case relevant for 4-tuples of subgroups. We will use the following lemma to handle it.
Lemma 4.4. Let U 1 , U 2 , U 3 be subgroups of G such that [G : U 1 ] = 2r 1 and [G : U i ] = 4r i for 2 ≤ i ≤ 3, where r 1 , r 2 , r 3 are pairwise coprime and r 1 is odd. Assume also that (U 1 , U 2 , U 3 ) is harmonic. Then
• α(U 2 , U 3 ) = 2.
• If α(U 2 , U 3 ) = 3 then 3 divides r 1 and
Proof. By Lemma 4.1 we know
So U 1 U 2 = U 1 U 3 and hence (U 1 , U 2 , U 3 ) is not harmonic by Corollary 3.6. Thus α(U 2 , U 3 ) = 2. Next assume α(U 2 , U 3 ) = 3, so |U 2 U 3 | = 3|G| 4 . Then Lemma 3.10a) implies that 3 divides r 1 . Moreover, setting [G : U 1 ∩ U 2 ∩ U 3 ] = 4r 1 r 2 r 3 α for some integer α we have
is not harmonic by Corollary 3.6. So α = 1 and since the cardinality of U 2 U 1 ∩ U 2 U 3 is then a multiple of |G| 4 by Lemma 3.4 we get |U 2 U 1 ∩ U 2 U 3 | = |G| 4 . Proposition 4.5. Let r 1 , r 2 , r 3 , r 4 be pairwise coprime integers and assume also that r 1 is odd. Then, for any group G, the 4-tuple (2r 1 , 4r 2 , 4r 3 , 4r 4 ) is not G-harmonic.
Proof. Assume to the contrary that there exist U 1 , U 2 , U 3 , U 4 subgroups of G such that (U 1 , U 2 , U 3 , U 4 ) is harmonic where [G : U 1 ] = 2r 1 and [G : U i ] = 4r i for 2 ≤ i ≤ 4. Hence, there exist g 1 , g 2 , g 3 , g 4 ∈ G such that g 1 U 1 ,...,g 4 U 4 are pairwise trivially intersecting cosets. Assume w.l.o.g.
By Lemma 4.4 it follows that α(1, i) = 1 and α(i, j) ∈ {1, 3}. By Proposition 3.8 not all of the α(i, j) equal 1 and if, say, α(2, 3) = 3 also one of α(2, 4), α(3, 4) equals 3, say α(2, 4). If α(3, 4) = 1 then, computing as before, we obtain that |U 3 (U 2 ∩U 4 )| is a multiple of |G| 4 . This implies that U 3 U 4 ⊆ U 3 U 2 and then (U 2 , U 3 , U 4 ) is not harmonic by Corollary 3.6. So also α(3, 4) = 3. Summarizing we have α(1, 2) = α(1, 3) = α(1, 4) = 1 and α(2, 3) = α(2, 4) = α(3, 4) = 3.
Then by Lemma 4.4 we know that 3 divides r 1 . So [G : U 2 ∩ U 3 ∩ U 4 ] = 12r 2 r 3 r 4 α for a certain integer α. Hence |U 2 U 3 ∩ U 2 U 4 | is a multiple of |G|α 4 by Lemma 3.4. For order reasons, i.e. because U 2 U 3 and U 2 U 4 are big subsets of size 3|G| 4 inside G, we get
4 then U 2 U 3 = U 2 U 4 and (U 2 , U 3 , U 4 ) is not harmonic by Corollary 3.6. So |U 2 U 3 ∩ U 2 U 4 | = |G| 2 and G = U 2 U 3 ∪ U 2 U 4 , for order reasons. The same type of arguments shows that U 2 U 1 ∪ U 2 U 3 = U 2 U 1 ∪ U 2 U 4 = G. So applying Lemma 3.1 we obtain
A contradiction, since this intersection contains U 2 .
This allows us to prove Theorem B.
Proof of Theorem B Let U 1 , U 2 , U 3 , U 4 be subgroups of G and set [G : a 2 ) is not Zharmonic then a 1 and a 2 are coprime. So (U 1 , U 2 ) is not G-harmonic by Lemma 2.2. Next assume that (a 1 , a 2 , a 3 ) is not Z-harmonic such that for distinct 1 ≤ i, j ≤ 3, any (a i , a j ) is Z-harmonic. Sun's positive answer to Problem 2 from [HM82] for 3-tuples (see [Sun92] or the English-language review of this article on MathSciNet) implies that no pair from {a 1 , a 2 , a 3 } is coprime and no pair has greatest common divisor bigger than 2. So there are pairwise coprime integers r 1 , r 2 and r 3 such that a i = 2r i for 1 ≤ i ≤ 3. Hence (U 1 , U 2 , U 3 ) is not harmonic by Proposition 4.2.
Finally assume that the 4-tuple (a 1 , a 2 , a 3 , a 4 ) is not Z-harmonic such that any proper 2-or 3-subtuple is Z-harmonic. Then clearly b = gcd(a 1 , a 2 , a 3 , a 4 ) < 4. In [Sun92] also a positive answer to Problem 1 from [HM82] is provided for 4-tuples. This implies that b = 1 is not possible and that there are pairwise coprime integers r 1 , r 2 , r 3 and r 4 such that either i) b = 2, a 1 = 2r 1 , a i = 4r i for 2 ≤ i ≤ 4 and r 1 is odd or ii) b = 3 and a i = 3r i for 1 ≤ i ≤ 4.
In case i) the 4-tuple (U 1 , U 2 , U 3 , U 4 ) is not harmonic by Proposition 4.5 and in case ii) by Proposition 4.3.
To prove also Theorem A we will also need to handle a case involving five subgroups. The calculations here are more involved.
α(3, 4) = 3, 3 | r 2 and 2 | r 3 .
Proof. As before assume g 1 U 1 ,..,g 5 U 5 are pairwise trivially intersecting cosets and assume g 1 = 1. Set α(x, y) = α(U x , U y ) for 1 ≤ x, y ≤ 5. Note that α(x, y) ≤ 2 if 1 ≤ x ≤ 2 or 1 ≤ y ≤ 2 and α(x, y) ≤ 5 for any 1 ≤ x, y ≤ 5.
To prove the lemma we will first show the following claims.
Claim 1: α(1, 2) = 2 and α(1, j) = α(2, j) for 3 ≤ j ≤ 5.
After proving these claims, up to permutations of indices which behave symmetrically, we are left with exactly eight cases to consider for the tuple (α(x, y)) 1≤x,y≤5 . We will then exclude seven of these cases and finally prove the lemma.
Proof of Claim 1: Assume first that α(1, 2) = 1. Fix some j such that 3 ≤ j ≤ 5. If α(1, j) = α(2, j) = 2 then |U 1 U 2 |+|U 1 U j | = |G|. So we obtain a contradiction by Corollary 3.11. If α(1, j) = 1 and α(2, j) = 2 then by Lemma 3.10a) the number r 2 must be even, contradicting our assumption. So α(1, j) = α(2, j) = 1. Hence by Lemma 3.7 the set V = U 1 U 2 = U 1 U j = U j U 1 is a subgroup of G, equal for any choice of j and [G : V ] = 3.
Then g 2 , g 3 , g 4 , g 5 / ∈ V . Let g ∈ G such that g 2 ∈ gV . Then g 3 , g 4 , g 5 / ∈ gV . Hence there is h ∈ G such that g 3 , g 4 , g 5 ∈ hV . So U 1 ∩ U 3 , U 1 ∩ U 4 and U 1 ∩ U 5 are subgroups of U 1 with pairwise trivially intersecting cosets h
Next assume α(1, j) = α(2, j), say α(1, j) = 2 and α(2, j) = 1. Then
Hence (U 1 , U 2 , U j ) is not harmonic by Corollary 3.11. Consequently α(1, j) = α(2, j). This finishes the proof of Claim 1. Proof of Claim 2: Considering the three different pairs from U i , U j and U k we obtain that [G : α(j, k) ). Hence there is some integer α such that
Here z 2 ′ denotes the biggest odd divisor of an integer z. Then by computing |U j (U i ∩ U k )| in all possible cases for α(j, k) we get
We will consider the different cases for α(j, k) in decreasing order.
Clearly 
3 , contradicting Corollary 3.6. So in this case α = 1.
If α(j, k) = 3 and 3 ∤ r i then U j U k ⊆ U j U i and we can also apply Corollary 3.6 to obtain a contradiction, since
3 . But if 3 | r i then 3 ∤ r i ′ and we can argue the same way replacing i by i ′ . If α(j, k) = 2 then α ≤ 2 for order reasons and if α = 2 we have again U j U k ⊆ U j U i and |U j U k | + |U i U k | = |G|, contradicting Corollary 3.6. So also in this case α = 1.
If α(j, k) = 1 then also α = 1. So we have α(j, k) ∈ {1, 2, 4} and α = 1. Assume α(j, k) > 1. Then 
also a contradiction, since this intersection contains U i .
So we have α(j, k) = 1 and α = 1. Using (4) Claim 2 follows. Proof of Claim 3: Arguing in a similar way as above we get
, if α(j, k) = 1 As before let 1 ≤ i ′ ≤ 2 such that i = i ′ . Again we will consider the different possibilities for α(j, k) in decreasing order.
As
we know that α(j, k) = 5 is not possible, using that 5 | r i implies 5 ∤ r i ′ .
Next α(j, k) = 4 and α(j, k) = 3 can be excluded for similar reasons. Where in case α(j, k) = 3 we use 3 ∤ r i ′ if 3 | r i . Now assume α(j, k) = 2. Then α = 1 follows and we have U j U i = U j U k . Also we obtain
Considering other combinations of the indices we get
which is a subgroup satisfying [G : V ] = 3. But since also
3 . Finally in case α(j, k) = 1 we get α = 1 for order reasons. This finishes the proof of Claim 3. Proof of Claim 4: Considering again the possible pairings of U i , U j and U k we obtain that there are integers α and α ′ such that
So we obtain (listing only part of the full information)
Again let 1 ≤ i ′ ≤ 2 such that i = i ′ and consider the different possibilities for α(j, k). If α(j, k) = 5 we get a contradiction as before. If α(j, k) = 4 then we get U j U i = U j U k and this can not happen by Corollary 3.6, since
Next α(j, k) = 3 while 3 ∤ r i and 2 ∤ r j clearly provides a contradiction. Let α(j, k) = 2. Then we compute |( If v = (2, 2, 2, 1, 1, 1) then we compute
So Lemma 3.5 (with V = U 3 and U 1 having the biggest index) implies that (U 1 , U 3 , U 4 , U 5 ) is not harmonic. Next let v = (1, 2, 2, 3, 1, 1). Then 2 | r 3 by Claim 4. Assume w.l.o.g. that 3 ∤ r 1 . Then
So 3 | r 2 , since otherwise U 3 U 4 ⊆ U 2 U 4 and we could apply Lemma 3.5. But considering U 3 , U 4 and U 5 we get from Lemma 3.10a) that also 3 | r 5 , contradicting the assumption that r 4 and r 5 are coprime. So v = (1, 2, 2, 3, 1, 1). Then as in the previous case we obtain, w.l.o.g., that 2 | r 3 and 3 | r 2 .
We are not aware of any group satisfying the subgroup configuration described in Lemma 4.6. Such a group would provide a counterexample to Question 1. In the case relevant for us we can in fact assume that a subgroup of index 3 is involved in the coset partition. This is handled by the following lemma.
Proposition 4.7. Let r 2 ,..., r 5 be pairwise coprime integers and assume also that r 2 is odd. Then, for any group G, the 5-tuple (3, 3r 2 , 6r 3 , 6r 4 , 6r 5 ) is not G-harmonic.
Proof. Assume to the contrary that there exist subgroups U 1 , U 2 , U 3 , U 4 , U 5 of G, such that (U 1 , U 2 , U 3 , U 4 , U 5 ) is harmonic where [G : U 1 ] = 3, [G : U 2 ] = 3r 2 and [G : U j ] = 6r j for 3 ≤ j ≤ 5. Then we can assume that α(x, y), and hence |U x U y |, is given by Lemma 4.6 for any 1 ≤ x, y ≤ 5, that 3 | r 2 and 2 | r 3 . Since G acts on the left cosets G/U 1 by left multiplication we obtain a homomorphism ϕ : G → S 3 , where S 3 denotes the symmetric group of degree 3. We will use the bar notation for images of ϕ. Set N = ker(ϕ). Note that N = U 1 ∩ U g 1 ∩ U h 1 where {1, g, h} is a left transversal of U 1 in G. So N ⊆ U 1 .
First observe that U 1 = 1 since otherwise U 1 ⊆ N and U 1 U 2 ⊆ N U 2 , which is a subgroup of G. This contradicts |U 1 U 2 | = 2|G| 3 . Since the action of U 1 on G/U 1 admits a fix point, we deduce |U 1 | = 2. Next U 2 = 1 since otherwise U 2 U 1 ⊆ N U 1 , again contradicting |U 1 U 2 | = 2|G| 3 . If 3 | |U 2 | then U 1 U 2 = G. Then using N ⊆ U 1 we get U 1 U 2 = N U 1 U 2 = G. Hence |U 2 | = 2. Since also |U 1 U 4 | = 2|G| 3 we can deduce the same way that |U 4 | = 2. Now consider the image of U 3 . If U 3 = 1 then U 3 ⊆ N and
If |U 3 | is divisible by 3 then U 1 U 3 = G, so |G| = |N U 1 U 3 | = |U 1 U 3 | = Proof of Theorem A Let G be a group of order smaller than 1440 and let {g i U i } n i=1 be a partition of G into cosets without multiplicity. Set a i = [G : U i ] for 1 ≤ i ≤ n. Then by Lemma 2.3 and Lemma 2.6 we know that a 1 ,...,a n are strictly bigger than 2 and gcd(a 1 , ..., a n ) is divisible by 2 or 3.
Assume gcd(a 1 , ..., a n ) is divisible by 2. Then using elementary computer calculations to obtain Egyptian fractions (1) satisfying Lemma 2.3, where a 1 ,...,a n are divisors of |G| we get |G| ∈ {240, 360, 480, 720, 840, 960, 1008, 1080, 1200, 1320, 1344}.
If |G| = 720 this implies that {4, 6, 10} or {4, 6, 14} is a subset of {a 1 , ..., a n } and so (U 1 , ..., U n ) is not harmonic by Proposition 4.2. If |G| = 720 then {4, 6, 10} or {6, 4, 20, 8} is a subset of {a 1 , ..., a n } and we can conclude by Proposition 4.2 and Proposition 4.5 that (U 1 , ..., U n ) is not harmonic.
Finally assume the gcd(a 1 , ..., a n ) is divisible by 3. Then, again by elementary computer calculations, divisors a 1 ,...,a n of |G| can satisfy Lemma 2.3 only if |G| ∈ {360, 540, 720, 1080, 1260}.
